The dynamics of relativistic runaway electrons in tokamak plasmas is analyzed using a test particle description that includes acceleration in the toroidal electric field, collisions with the plasma particles, and deceleration due to synchrotron radiation losses. The region of momentum space in which electron runaway takes place is determined. It is found that relativistic and synchrotron radiation effects lead to a critical electric field E R Ͼ(kT e /m e c
I. INTRODUCTION
The application of an electric field to a fully ionized plasma gives rise to runaway electrons. 1 As a result of the decrease of the Coulomb collision frequency with increasing energy, electrons with energies higher than some critical energy are continuously accelerated by the electric field. The runaway electrons moving in toroidal paths in the tokamak speed up very quickly until the synchrotron radiation loss due to the curved path, which increases with the electron energy, balances the energy gain in the electric field. In large tokamaks, runaway electrons confined for a sufficiently long time can gain enough energy to cause serious damage to the confining structures. This is particularly important for disruption generated runaway electrons. 2 In the past, phase-space analysis of the relaxation equations describing nonrelativistic test electrons was used to investigate the conditions for runaway. 3 The electron dynamics was analyzed, taking into account the acceleration in the electric field and the collisions with the plasma particles. The condition v ʈ 2 у(2ϩZ eff ) 1/2 (E D /E ʈ )•(kT e /m e ) for runaway generation was inferred, and it was shown that, in general, runaway in velocity space only occurs for electrons that are outside one of the separatrices of the relaxation equations. The results, based on single-particle dynamics, were corroborated by numerical integration of the two-dimensional Fokker-Planck equation.
Connor and Hastie 4 showed that, if the electric field is sufficiently weak, E ʈ /E D ϳkT e /m e c 2 , relativistic effects become important for runaway generation. The condition above can be met in present large tokamaks and the proposed International Thermonuclear Experimental Reactor ͑ITER͒.
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In this case, the critical velocity v c for runaway generation will be on the order of c, the speed of light. Consideration of relativistic effects yields qualitative differences to the nonrelativistic theory because of the significantly different velocity dependence of Coulomb collisions when vϳc. Therefore, the electron distribution function was derived in Ref. 4 using a relativistically correct collision integral. The main results of this analysis were the following: ͑1͒ below the critical electric field E R ϭ(kT e /m e c
2 )E D absolutely no runaways are produced; ͑2͒ for electric fields E ʈ ϾE R , the critical velocity at which electrons run away is modified by relativistic effects. In terms of the electron momentum, runaway generation occurs for p ʈ Ͼm e c/ͱDϪ1, with DϭE ʈ /E R . The motion of relativistic test runaway electrons in momentum space, under electric field acceleration and collisions with the plasma particles, was addressed by Fussmann in Ref. 6 .
In this paper we investigate the dynamics of relativistic test electrons in momentum space, including the acceleration in the toroidal electric field, collisions with the plasma particles, and deceleration due to synchrotron radiation losses. As in Refs. 3 and 6, the electron motion shows a saddle point in momentun space around which the electron trajectories separate, and the runaway region lies just outside the separatrix of motion passing through the saddle point. The escaping electron trajectories move toward a stable equilibrium point in which the energy gain in the toroidal electric field is balanced by collisional and radiation losses, setting a limit on the energy that the runaway electrons can reach. In Sec. II the test electron relaxation equations are presented together with a phase-space analysis of the equations. In Sec. III the main results related to runaway generation ͑critical momentum and critical electric field for runaway generation͒ are described and compared to those in Refs. 3, 4, and 6. In Sec. IV the runaway energy limit is calculated, for given plasma parameters, as a function of the toroidal electric field. It is shown that, for low values of the electric field, the main mechanism limiting the runaway energy are the synchrotron losses due to the gyromotion of the runaways having a finite pitch angle, while for high electric field values the synchrotron losses are dominated by the electron motion on toroidal paths. The conclusions are summarized in Sec. V.
II. TEST ELECTRON RELAXATION EQUATIONS
The dynamics of a relativistic electron in a tokamak plasma is described using the test particle equations:
where p ʈ is the electron momentum parallel to the magnetic field ͑approximately in the toroidal direction͒, p is the total electron momentum, and ␥ is the relativistic gamma factor,
2 ; e is the absolute value of the electron charge, m e is the electron mass, E ʈ is the toroidal electric field, Z eff is the effective ion charge, and ln ⌳ is the Coulomb logarithm.
The first term in the equations ͑1͒ and ͑2͒ is the acceleration due the toroidal electric field, and the second term includes the effect of the collisions with the plasma particles. 7 The effects of the synchrotron radiation losses are described by means of a decelerating force:
͑3͒
with the radius of curvature averaged over one gyrorotation, 
Ϫ1)
1/2 /␥. Note that the orbit of an electron in a tokamak is composed of two parts: the guiding center motion ͑along the magnetic field lines͒ and the gyromotion around the field lines, both contributing to the radius of curvature of the electron. The first term in ͑4͒ is mainly determined by the guiding center motion and the second term by the electron gyromotion. Since r g ӶR 0 , the second term is dominant for finite pitch angles ͑and so, the radius of curvature is determined by the electron gyromotion͒; only when is close to zero, the contribution due to the guiding center motion is nonnegligible. Thus, we can use for ͗1/R 2 ͘ the simplified rela-
We rewrite Eqs. ͑1͒ and ͑2͒ in normalized form, From ͑5͒ and ͑6͒ we get
͑7͒
The system of equations ͑5͒ and ͑7͒ have in (q ʈ ,q Ќ 2 ) space two singular points ͑a saddle point, P 1 , and a stable focus, P 2 ) as it is shown in the phase-space plot of Fig. 1 . An analytical relation between the singular points and the normalized electric field can be obtained considering that P 1 and P 2 lie at the intersection of the two contours q ʈ ϭ0 and q Ќ ϭ0 ͑or q ϭ0). Thus, from q ϭ0,
with cos s , from q Ќ ϭ0, given by 
͑9͒
In these equations, ␥ s is the relativistic gamma factor at the singular points ͓to which we will often refer as the electron energy, given the straightforward relation between ␥ and the electron energy, Eϭ(␥Ϫ1)m e c 2 ͔, and s the pitch angle. Figure 2 shows, for given plasma parameters, the relation ͑8͒ between D and the energy ␥ s of the singular points. For each value of the normalized electric field D, there are two values of ␥ s corresponding to the singular points P 1 and P 2 ; branch I in Fig. 2 gives ␥ s at the saddle point P 1 , while branch II gives the electron gamma value at the stable focus P 2 . The two branches are separated by the minimum of D vs ␥ s . As it will be explained in detail in the following sections, the two singular points have a welldefined physical meaning: the saddle point ͑branch I͒ gives the critical energy for runaway generation, and the stable focus ͑branch II͒ the energy limit for the generated runaway electrons.
The limiting particle trajectories passing through P 1 and P 2 are the separatrices S r and S a . The separatrix S r divides the phase space (q ʈ ,q Ќ 2 ) in two regions, the region outside S r constituting the runaway region: all the electrons initially outside S r will eventually move along S a toward the stable focus P 2 . Electrons initially inside S r will collapse into the origin ͑i.e., they do not run away͒.
It is convenient to remark that the stable point P 2 is a consequence of including the radiation losses in the test equations. The runaway electrons are not continuously accelerated by the toroidal electric field but they reach a maximum energy when the power radiated by the electron equals the energy gain in the electric field. This energy balance takes place at P 2 , which sets a limit on the energy that the runaway electrons can reach. If the radiation losses are not considered, the relaxation equations only show one singular point in momentum space ͑the saddle point P 1 ) and the relation between this point and the normalized electric field can be readily obtained from q ʈ ϭ0, q Ќ ϭ0 and using F S ϭ0 in the single-particle equations, yielding
(␥ s is the relativistic gamma factor at the singular point͒. The relation ͑10͒ is also shown in Fig. 2 for comparison. In this case, there is only one branch ͑the one corresponding to the saddle point͒ extending to infinity in ␥ s .
III. RUNAWAY GENERATION A. Critical electric field
The nonrelativistic theory of a plasma in an electric field E ʈ predicts that there will always be runaway electrons. This results from the fact that the momentum loss due to collisions decreases with increasing energy, dp/dtϳp Ϫ2 , so that for any value of the electric field, above some critical energy, the electrons will be continuously accelerated. However, if relativistic effects are considered, as momentum increases, v→c, dp/dtϳv Ϫ2 , and, unlike the nonrelativistic case, the collision loss is no longer reduced, implying that for weak enough electric fields no electrons will run away. The detailed analysis done by Connor and Hastie 4 allows to define a critical electric field, E R ϭ(kT e /m e c
2 )E D ͑in normalized form D R ϭ1), below which no electrons run away.
The work done in Ref. 4 considered the acceleration in the toroidal electric field and the collisions of the relativistic electrons with the bulk plasma. In fact, the result D R ϭ1 can be easily recovered from the analysis of the test particle equations when F S ϭ0. If the electron radiation is not considered, the relation between the normalized electric field D and the saddle point energy is given by ͑10͒: as shown in Fig. 2 , D is a decreasing function of ␥ s , and taking the limit ␥ s →ϱ, we get D→1, so that for DϽ1 there is no singular point in momentum space and no runaway electrons are generated. This can be more easily understood when considering that, as will be explained in the next section, the saddle point energy constitutes an estimate of the critical energy for runaway generation: if the electric field decreases, the critical energy for runaway generation (␥ s ) increases and therefore, in the limit ␥ s →ϱ, we get the critical D R below which absolutely no runaways are generated.
When the radiation losses are taken into account, the relation between D and the singular points is given by ͑8͒. This relation ͑see Fig. 2͒ shows a local minimum that separates the saddle points ͑branch I͒ from the stable points ͑branch II͒. As it was stated in Sec. II, for each value of the electric field, branch I gives the critical energy ␥ c for runaway generation and branch II the runaway energy limit ␥ l . When D decreases, less energy is absorbed from the electric field so that ␥ c increases ͑it is more difficult to generate runaway electrons͒ and the energy limit ␥ l decreases, until both of them coalesce for a given value of D ͑the minimum of D versus energy͒ below which no electrons will run away. Thus, the minimum electric field D R for runaway generation can be deduced from the condition dD/d␥ s ϭ0, with D ϭD(␥ s ) given by ͑8͒.
The critical electric field D R calculated from the above condition is plotted in Fig. 3 versus F gy , the dimensionless parameter defined in Sec. II characterizing the radiation term strength. In the nonradiative limit (F gy →0), D R →1, recovering the result given in Ref. 4 . However, when F gy Ͼ0, the momentum and energy losses increase due to the radiated power, leading to more restrictive conditions on runaway generation so that D R Ͼ1. Furthermore, D R increases with F gy and the critical energy for runaway generation keeps finite, even if D→D R . The critical energy for runaway generation when D→D R is also plotted in Fig. 3 as a function of F gy : this energy ͑named ␥ R in the figure͒ decreases with increasing F gy and, when F gy →0, goes to infinity.
B. Critical momentum
In Sec. II, it has been shown that the separatrix S r determines the region in momentum space in which runaway generation takes place. However, it is not easy to determine explicitly S r from Eqs. ͑5͒ and ͑7͒. As pointed out in Ref. 3 , since most of the electrons must be concentrated in the direction associated to the electric field force, the criterion for runaway generation can be reduced to the condition q ʈ Ͼq c , where q c is the intersection of the separatrix S r with the positive q ʈ axis. Therefore, q c can be defined as the critical ͑normalized͒ momentum for runaway generation.
The value of q c can be obtained numerically or estimated following the considerations given in Ref. 3 : the critical energy and momentum (␥ c and q c ) for runaway generation can be approximated by those at the saddle point P 1 . Thus, ␥ c will be given by branch I in Eq. ͑8͒ and q c ϭ(␥ c 2 Ϫ1) 1/2 . A comparison between the numerically calculated q c and the electron momentum at P 1 is shown in Fig. 4 as a function of the normalized electric field. Although P 1 gives an overestimate of q c , the approximation is reasonably good. The critical momentum q c increases when the electric field decreases: the electrons absorb less energy from the electric field, and more initial momentum is required to overcome the energy losses. The highest critical momentum is achieved at the critical electric field D R .
In Ref. 4 , the critical momentum q c was calculated from a kinetic analysis of the electron distribution function in which the radiation losses were neglected. In such a case, F gy ϭ0, and, following a single-particle analysis, the relation between D and the critical ␥ c , estimated from the saddle point energy ␥ s , is given by ͑10͒. Taking the limit considered in Ref. 4 , E ʈ /E D ϳkT e /m e c 2 ͑i.e., Dϳ1), then ␥ c ӷ1 and Eq. ͑10͒ can be approximated by Dϳ␥ c 2 /(␥ c 2 Ϫ1), yielding ␥ c ϳͱ(DϪ1)/D and q c ϳ1/ͱDϪ1, which is the result given in Ref. 4 .
In Fig. 5 , a comparison between the critical momentum obtained from the single-particle analysis for a case with F gy ϭ0 and a case with F gy Ͼ0 is shown. The radiation losses lead to higher values of q c when D is close to the critical field D R ; on the other hand, the deceleration due the synchrotron losses imposes severe limits on the values that q c can reach, even when D→D R , in contrast to the nonradiative case, in which q c →ϱ when D→1. This can reduce greatly the relativistic effects on the critical momentum q c for reasonable values of F gy .
A characteristic feature of S r seen in Fig. 1 is its limited extent on both sides of the q ʈ axis, indicating the presence of runaways originating in a direction opposite to the force caused by the electric field (q ʈ Ͻ0), and called ''backward'' runaway electrons. 10 These electrons initially travel counter to the force exerted by the electric field: the field decelerates the electrons and collisional effects become important. However, if q Ќ is still large enough when q ʈ ϭ0, the electrons are accelerated by the electric field and can run away just like the forward runaway electrons. As pointed out by Fisch and Karney, 11 the backward runaways could be important during lower-hybrid current ramp-up, draining out energy of the electric field, and leading to a degradation of the ramp-up efficiency.
We can define, as in the case of the forward runaway electrons, the critical momentum q cb for backward runaway generation as the minimum momentum for which electrons initially moving counter to the electric field become runaways. This momentum q cb is given by the intersection of S r with the negative q ʈ axis and is the relevant quantity during lower-hybrid ramp-up. The comparison of q cb with the previously defined critical momentum q c ͑which we will denote now as q c f to stress that it is referred to forward runaway electrons͒ can serve as a quantitative measurement of the differences between forward and backward runaway generation. These differences are illustrated in Fig. 6͑a͒ , in which q c f and q cb are plotted as function of the normalized electric field. It is clear that to generate backward runaway electrons is always more difficult than to generate runaway electrons in the forward direction: the electric field drains energy from the electrons and the collisional losses increase. This effect is enhanced by synchrotron deceleration, which becomes important due to the high perpendicular momentum gained through collisions, leading to finite pitch angles and important radiation losses associated to the electron gyromotion. The differences between q c f and q cb increase sharply close to the critical electric field D R , when the radiation losses are larger. The role played by the radiation losses in determining q cb is illustrated in Fig. 6͑b͒ , in which the backward critical momenta calculated for F gy Ͼ0 and F gy ϭ0 are compared: the radiation dominates when getting close to D R .
IV. ENERGY LIMITS
One of the main features of the single-particle equations introduced in Sec. II is the presence of a stable focus P 2 in momentum space toward which all the electron trajectories outside S r move to. The energy ␥ l corresponding to this singular point gives the energy limit for the generated runaway electrons: the escaping electrons reach a maximum energy at P 2 , where the energy gain in the toroidal electric field is compensated by collisional and radiation losses. The relation between the energy limit ␥ l and the normalized electric field is given by the branch II of Eq. ͑8͒, and it is shown in Fig. 7 .
As explained in Sec. II, the power radiated by the electron is the result of the electron motion on toroidal paths ͑the guiding center motion͒ and the electron gyromotion around the field lines. In order to assess the role played by each of these mechanisms in determining the runaway electron energy, the runaway energy limit has been calculated in the two following cases.
͑i͒ The radiation losses are assumed to be dominated by the electron gyromotion. In this case, the runaway energy limit is determined from Eqs. ͑6͒ and ͑7͒, neglecting the term in F gc and using that in the equilibrium q ϭq Ќ ϭ0, giving 
In these relations, the subscript gy has been used to remark that only the contribution associated to the electron gyromotion is considered in the radiation terrn. ͑ii͒ The radiation losses in this case are assumed to be dominated by the electron motion on toroidal paths, ͗1/R 2 ͘ ϳ1/R 0 2 , so that the energy limit is estimated neglecting in the test electron equations the term in F gy . Thus, using again q ϭq Ќ ϭ0 in Eqs. ͑6͒ and ͑7͒, we have
.
͑13͒
In Fig. 7 , the energies ␥ gy and ␥ gc obtained from the above expressions are plotted together with ␥ l calculated using the general relation ͑8͒. From this figure, it is easy to infer that, for low values of the electric field, the runaway energy limit is dominated by the radiation associated to the electron gyromotion and ␥ l can be derived from ͑11͒ and ͑12͒ since, when the electric field is low, the collisions of runaways with plasma particles are effective enough to increase the pitch angle, and therefore the radiation losses associated to the electron gyromotion. However, for high electric fields, the effect of the collisions with the bulk plasma is negligible and the pitch angle is close to zero, so that the radius of curvature is almost equal to the major radius of the tokamak and the energy limit is well approximated by ͑13͒. Although the relation ͑8͒ between D and ␥ l is valid for any value of the electric field, it is often convenient to have explicit expressions giving ␥ l as a function of D. An explicit expression for ␥ l can be derived under the assumptions ␥ l 2 ӷ1 and ␥ l ӷ␣/2D, conditions that are usually verified for most of the electric field values ͑see Fig. 7 
and
The analytical expression for ␥ l takes a particularly simple form in the two limiting cases discussed before. In the first case, when the radiation losses are assumed to be dominated by the electron gyromotion ͓␣F gy ␥ l /DӷF gc ␥ l 4 in ͑14͔͒, we have
The condition of validity of this result, ␣F gy ␥ l /DӷF gc ␥ l 4 , can now be rewritten using ͑18͒ as D 4 (DϪ1) 3 Ӷ(␣F gy ) 4 /F gc , showing that, as it was discussed before, the radiation associated to the electron gyromotion will be dominant at low values of the electric field. Note that in ͑18͒, as a consequence of the pitch angle scattering due to collisions, ␥ l decreases when Z eff and n e increase.
In the second limiting case, the radiation is assumed to be dominated by the guiding center motion (␣F gy ␥ l / DӶF gc ␥ l 4 ) and then, from ͑14͒,
͑19͒
In a similar way to the first case, we can rewrite the range of applicability of this result (␣F gy ␥ l /DӶF gc ␥ l 4 ), using ͑19͒, as D(DϪ1) 3/4 ӷ␣F gy /F gc 1/4 . Therefore, the relation ͑19͒ for ␥ l will be valid for high enough electric field values.
V. CONCLUSIONS
In this paper, the trajectories in momentum space of relativistic test electrons have been analyzed, taking into account the acceleration in the toroidal electric field, the collisions with the plasma particles, and the deceleration due to synchrotron radiation losses. The single-particle relaxation equations for q ʈ and q Ќ 2 are characterized in (q ʈ ,q Ќ 2 ) space by the presence of two singular points: a saddle point around which the trajectories separate ͑collapsing into the origin or moving out to larger energies͒ and a stable focus toward which all the escaping trajectories move. The relation between the ͑normalized͒ electric field and the singular points, D ϭD(␥ s ), is given by Eqs. ͑8͒ and ͑9͒.
Previous investigations 4 showed that, due to relativistics effects, if D→1 the critical momentum for runaway generation recedes to infinity, i.e., there are no runaway electrons produced if DϽD R ϭ1. The inclusion of the synchrotron radiation into the runaway dynamics, increasing the energy and momentum losses, and precluding the runaway generation at large energies, leads to a critical electric field D R greater than unity that increases with the radiation strength ͑de-scribed by the parameter F gy defined in Sec. II͒. It has been found that, within the single-particle description, D R is the electric field for which the two singular points in momentum space ͑the saddle point and the stable focus͒ coalesce. This value corresponds to the minimum of D vs ␥ s and can be found from the condition dD/d␥ s ϭ0 in ͑8͒. gular point. Multiplying ͑A2͒ by q ʈ /q and substracting it from ͑A1͒, the radiation term can be eliminated:
